ON G/iV-HILB OF iV-HILB 

AKIRA ISHII, YUKARI ITO, AND ALVARO NOLLA DE CELIS 



Abstract. In this paper we consider the iterated G-equivariant Hilbert scheme G /N-Hilh(N- 
Hilb) and prove that G/A r -Hilb(7V-Hilb(C 3 )) is a crepant resolution of C 3 /G isomorphic to the 
moduli space Mg{Q) of 0-stable representations of the McKay quiver Q for certain stability 
condition 9. We provide several explicit examples to illustrate this construction. We also consider 
the problem of when G/N-Hilb(N-Hilb) is isomorphic to G-Hilb showing the fact that these spaces 
are most of the times different. 
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1. Introduction 

Let X be a nonsingular quasiprojective complex 3-fold and let G C Aut A" be a finite subgroup 
such that the stabilizer subgroup of any point x £ X acts on the tangent space T X X as a subgroup 
of Sh(T x X). We have the following celebrated theorem of Bridgeland, King and Reid: 

Theorem 1.1 ([BKR ). Y = G-Hilb(X) is irreducible and f : Y — > X/G is a crepant resolution. 
Furthermore, $ : B(G-Hilb(X)) — ► D G (X) is an equivalence of derived categories. 

Our framework is the following: let G C SL(3, C) finite and iV < G a normal subgroup. First 
consider the action of iV on C 3 and take the crepant resolution Y := A^-Hilb(C 3 ). Finally, act 
with G/N on Y to obtain G/iV-Hilb(F). 

G/N-m\b{Y) Y = iV-Hilb(C 3 ) <C 3 

Y/{G/N) C 3 /N 
As an immediate consequence of Theorem 11.11 we have the following corollary. 
Corollary 1.2. G / N -Hilb(N -Hilb(C 3 )) is a crepant resolution ofC 3 /G. 
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In general G-Hilb(C 3 ) and G/A^-Hilb(A^-Hilb(C 3 )) are non-isomorphic quasiprojective vari- 
eties, and even when they coincide, as moduli spaces of representations of the McKay quiver 
almost always they belong to different chambers in the space of stability conditions 0. Nev- 
ertheless, since any two crepant resolutions of a three-dimensional projective variety Y with 
only terminal singularities are derived equivalent by [Bri| . we have that D 6 (G-Hilb(C 3 )) = 



The similar construction was considered before by the second author in [Ito94l, [Ito95] in the 
case of trihedrals subgroups in SL(3,C). The trihedral group is a non-Abelian finite subgroup 

generated by diagonal matrices and a matrix T := ( 80S ). Let us change the name of the 



groups, G/T = N. Then in Ito's construction, we require that G/N acts on the crepant resolu- 
tion Y of C 3 /-/V symmetrically on the exceptional locus. Therefore, this construction gives the 
G/iV-Hilb(iV-Hilb(C 3 )) when Y = iV-Hilb(C 3 ). 

This construction can be extended in a natural way to obtain crepant resolutions of C 3 /G for 
any finite non-simple group G C SL(3, C) (see |YY| for a classification of such groups). In general, 
if we consider the filtration of groups {1} = Nk <! A^_i < . . . < Nq = G where every subgroup 
Ni is normal in iVj+i, then the iterated Hilbert scheme described here is crepant. In particular, 
it is always possible to find such a crepant resolution with Ni/Ni+i Abelian subgroups for every 
i. 

Denote by Irr(G) the set of irreducible representations of G and let (Q, R) be the McKay 
quiver of G with relations R. For d = (dim(p)) p ei rr (G?) and any generic 8 in the space of stability 
conditions © we can define Me,d{Q,R) to be the moduli space of 0-stable representations of 
Q. Moreover, there exists a chamber C G in which the GIT quotient Me,d{Q, R) is constant 
for all 6 £ C (see |Tha] ). Thus we may also denote this moduli space simply by Mc- The 
methods in [BKRJ can be applied to prove that r : A4c — > C 3 /G is a crepant resolution and 
&c '■ D(Aic) — > D G (C 3 ) is an equivalence of categories (see [Clj Section 2). 

For these moduli spaces, the problem of whether every (projective) crepant resolution of C 3 /G 
is a moduli of representations of the McKay quiver was treated by Craw and the first author in 
the case of Abelian group actions. 

Theorem 1.3 ( |CI| ). For a finite Abelian subgroup A C SL(3,C) let Y — > C 3 /A be a projective 
crepant resolution. Then Y = Mc for some chamber C C 0. 

Then Craw and Ishii proposed the following conjecture. 

Conjeture 1.4. For a finite subgroup G C SL(3, C) let Y — > C 3 /G be a projective crepant 
resolution. Then Y = Aic f or some chamber C C 0. 

In this paper, we consider the G/A^-Hilb(A r -Hilb(C 3 )) and show that it is not only a crepant 
resolution, but also a moduli space for a particular chamber C C as follows: 

Theorem 1.5. (= \2. 6\) Let G C SL(3, C) finite and let N<G be a normal subgroup. The crepant 
resolution G / N -Hilb(N -Hilb(C 3 )) is isomorphic to a moduli space of G- constellations Aic f or 
some chamber C C 0. 

Thus our main result shows that the conjecture holds for the family G/A r -Hilb(A r -Hilb(C 3 )) 
of crepant resolutions for general G C SL(3, C). Then it is natural to ask how much different 
G/A^-Hilb(A^-Hilb(C 3 )) is from G-Hilb(C 3 ). In this paper, we consider consider the problem of 
when the iterated Hilbert scheme G/A r -Hilb(A r -Hilb(C 3 )) is isomorphic to G-Hilb(C 3 ). We give 
a complete answer for this problem as moduli spaces in general, and we also show when they 
are isomorphic as algebraic varieties when the group G is Abelian. Indeed, these varieties are 
different in most cases. Such a statement in non-Abelian cases would be an (small) evidence for 
Conjecture 11.41 



D b {G/N-m\b ( JV-Hilb (C 3 ) ) ) . 
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This paper is organized as follows. In section 2, we introduce the moduli space of G-constellations 
and see the stability for G/A r -Hilb(A r -Hilb(C 3 )) to prove Theoreir ll.51 In section 3, we show some 
examples of G/Af-Hilb(iV-Hirb(<C 3 )) when G is Abelian. The construction of crepant resolutions 
for Abelian quotient singularities are well known as toric resolutions where one of them is the 
G-Hilb(C 3 ). However, if we have several choices for normal subgroups TV" of G, then we have sev- 
eral G/A r -Hilb(A r -Hilb(C 3 )) which can be obtained by a finite sequence of flops from G-Hilb(C 3 ). 
Moreover, the actions of G/N on A^-Hilb(C 3 ) are also interesting. In section 4, we give several ex- 
amples of G/A^-Hilb(A^-Hilb(C 3 )) when G is non-Abelian. We also describe the G-constellations 
and McKay quiver with relations. In section 5, we show when G/A^-Hilb(A^-Hilb(C 3 )) is isomor- 
phic to G-Hilb(C 3 ) as moduli spaces and as algebraic varieties. 

The authors thank Alastair King and Laurent Demonet for their valuable comments and Alas- 
tair Craw and Michael Wemyss for useful discussions. 



2. The moduli space of G-constellations and G/A^-Hilb(7V-Hilb) 

Recall that G-Hilb(C n ) is the moduli space of G-clusters, where a G - cluster Z is a G-invariant 
subscheme 2cC™ such that H°(Oz) = C[G] the regular representation of G as C[G]-modules. 
Thus a point y £ G/A r -Hilb(iV-Hilb(C 3 )) is a G/iV-cluster of iV-clusters. 

The first observation that appears is that y may not be a G-cluster. Therefore, in order to 
construct the moduli space of such objects we need the generalized notion of G-cluster called 
G- constellation (see [CI| and [CraOlj . Chapter 5). 

Definition 2.1. A G- constellation T on X is a G-equivariant coherent sheaf on X such that 
H°(T) R G as C[G]-modules. 

Notice that a G-cluster is a G-equivariant the C[xi, . . . , x n ]-module Oz generated from 1 mod 
Iz, which is precisely a G-constellation generated form pq. 

Equivalently, when X = C n a G-constellation T on X is a representation of the McKay quiver 
Q (see |CI| ). We consider both interpretations of G-constellations indistinctly throughout the 
paper. 

We fix the following notation in this paper. Denote by Y\ := -/V-Hiib(C n ) and Y 2 := G/iV-Hilb(Yi). 
Then we have the diagram 



Y 2 



P2y m, 












Yx/iG/N) 


C n /N 



where Z\ and Z-i are the universal families for Y\ and Yi respectively. 

Lemma 2.2. Every "point in the connected component of G/N-Hilb(N-Hilb(C n )) dominating 
C 3 /G is a G-constellation on C n . More precisely, there is a canonically defined flat family of 
G-constellations parametrised by this connected component G/N-Hilb(N-Hilb(C n )). 

Proof. Consider the fibre product Z 2 Xy 1 Z± C Y% xY± x C n and the projection po2 : Y 2 x Y\ x C n — > 
Y 2 x C n onto the first and third factor. Then po2*(0z 2 x yi 2i) is a G-equivariant coherent sheaf 
on Y 2 x C n , flat over Y 2 . For a closed point y G Y 2 , let Ow = Q2*P 2 O y C Y\ be the corresponding 
G/A^-cluster. Then the fibre of po 2 *{0 'z 2 x Yl z 1 ) over y is q\*p\Ow- Especially, if y lies over 
a free orbit in C n /G, then qi*p*Ow is the G-cluster supported by the free orbit and it is the 
regular representation as a G-module. Since Po 2 *{0 z 2 x Yl z 1 ) is flat over Y 2 , it is a flat family of 
G-constellations in the connected component containing free orbits. 

□ 
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2.1. Stability for G/iV-Hilb(iV-Hilb(C 3 )). Let G = Q G := {9 G Hom z (i?[G], Q)|0(i? G ) = 0} 
with R[G] the representation ring. The notion of stability by |Kin| translates into the language of 
G-constellations as follows. For 9 G ©, a G-constellation T is 0- (semi) stable if 9{£) = 9(H°(£)) > 
= 9 (J 7 ) for C £ C J 7 (with the usual > for semistability) . With quiver-theoretic point of 
view, if M is a representation of Q of dimension vector d = (di)ieQo then the notion of stability 
for M is given as follows: let 9 G Q Qo and define 0(M) := Then M is (9- (semi) stable if 

0(M') > = 6>(M) for OCM'C M (with the usual > for semistability). 

It is known from |IN] that G-Hilb(C 3 ) can be considered as a moduli Aig of 0-stable represen- 
tations of the McKay quiver of G for any stability condition 9 £ satisfying 9{p) > for every 
non-trivial irreducible representation p of G (and hence 9(po) < for the trivial representation 
po), also called 0- generated stability. 

Remark 2.3. In general, the chamber of stability parameters defining G-Hilb is larger than the 
cone defined by the inequalities above. In the following argument, 9 N and Q G / N can be chosen 
arbitrarily in the chambers of iV-Hilb and G/iV-Hilb respectively. 

Let 9 N G 0^ and 9 G / N G G/N be O-generated stabilities for N and G/N respectively. 

Definition 2.4. Let p G Irr(G) and 9 G G. We define 

9(V={ 9N{p1n) + £ ' 9G/N{p) if p £ lT <°/ N ) 
[0 n (p\n) if p £ lvv{G/N) 

where < e « 1. 

Note that 9 N G @ N can be regarded as an element of via the restriction map R(G) — > R(N). 
The condition p G lrr(G/N) as a representation of G means that p is trivial for every element in 
N. It is straightforward to check that 6(Rq) = for the regular representation Rq as required. 

From now on we restrict to the case G C SL(3, C). Consider the functor 

$ : £> 6 (Coh G / JV Yi) -> D b (Coh G C 3 ) 
defined by <&(— ) = I£gi*p*(— ). Then it is an equivalence of triangulated categories by [BKR](see 
also |IUt Theorem 3.1]). Let Coh G//JV (Yi) denote the Abelian category of G/iV-equivariant co- 
herent sheaves on Y\ with zero-dimensional supports. Then $ sends objects of Coh G (Yi) to 
G-equivariant sheaves with zero-dimensional supports and <3? is exact on Coh G (Yi). 

Lemma 2.5. Let G C SL(3,C) be a finite subgroup and N be a normal subgroup of G. Then 
for an object E G Coh G/N Y 1} $(F) G Coh G C 3 is 9 N -semistable. Moreover, if T C $(F) is a 
G-equivariant subsheaf of $>(E) with 9 N (J 7 ) = 0, then there is a G/N-equivariant sub sheaf F of 
E such that T = $(F). 

Proof Let F : L> 6 (Coh G C 3 ) -»• D^Coh^C 3 ) and Fi : ^(Coh^ y x ) -»• D 6 (CohYi) be the 
forgetful functors. We have a commutative diagram 

^(Coh^Yi) — D b (Coh G ' 



D b (CohYi) — ^ D b (Coh JV C 3 ) 

where $^ is the functor which is defined in the same way as <!> and is an equivalence by [BKRJ. 
Since F\(E) has a filtration in CohYi whose factors are skyscraper sheaves, $> N (Fi(E)) has a 
filtration in Coh^C 3 whose factors are iV-clusters. Therefore, F ($(F)) = ® N (Fi(E)) is 0^- 
semistable. Now for any G-invariant subsheaf J- of 3>(F), we have 9 N (F) = 9 N (Fq(F)) > by 
the semistability of Fq(<]?(F)), which shows that $(F) is Ar -semistable. 
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Suppose F C is a G-invariant subsheaf with 6^ (J 7 ) = 0. Since F ($(£)) is a 6^- 

semistable iV-sheaf whose Jordan-Holder factors are TV-clusters, Fq(F) is also 0^-semistable and 
i^o(^) also has a filtration in Coh Ar (C 3 ) whose factors are iV-clusters, by the Jordan-Holder 
theorem for semistable sheaves. Note that the equivalence <& N induces an isomorphism 



for any closed point y G Y\. Then we can show that there is a unique subsheaf F' of F\(E) such 
that Fq(F) = & N (F'), by the induction on the length of the filtration on Fq(F). F' must be 
preserved by the action of G/N by its uniqueness, which shows that F' is of the form F\(F) for 



Theorem 2.6. Let G be as in Definition \2.4\ Let G C SL(3,C) be a finite subgroup and N 
be a normal subgroup of G. Then 



for any generic stability condition in the chamber C C which contains 6. 

Proof. G/-/V-Hilb(iV-Hirb(C 3 )) parametrises a family of G-constellations of the form $(0^) where 
W C Yi is a G/iV-cluster. Take a G-invariant subsheaf F of §(O w ). If 9 N (F) > 0, then we 
have 6(F) > by the assumption e « 1 and we may assume 6 N (F) = 0. In this case, 
there is a G/N- invariant subsheaf F C Oyy such that F = &(F) by Lemma 12.51 Note that 
we have T\*F = (ir^F) 1 ^ by the definition of which implies that the number of copies of 
an irreducible representation of G/N appearing in H°(F) is the same as that in H°(F), proving 
0(F) = e6 g I n (F) > 0. Thus we obtain the ^-stability of <&(Ow) and hence $ induces a morphism 
/ : G/iV-Hilb(7V-Hilb(C 3 )) -> M e4 (Q). Now since G C SL(3,C) both are crepant resolutions of 
C 3 /Cr so / is an isomorphism. □ 

Remark 2.7. In the above proof, we can replace 6 N by an arbitrary G/iV-invariant generic stabil- 
ity parameters for iV-constellations. Especially, we have similar results for iterated constuctions 
such as "Hilb of Hilb of Hub". 

Note that to let 6 G/N be general, we have to define the moduli space of ^-stable G-constellations 
on a quasi-projective variety with G-action, which can be done by patching local constructions. 

2.2. From Irr(iV) to Irr(G). We study how the irreducible representations of G can be obtained 
from irreducible representations of N. 

Let G C GL(n, C) be a finite subgroup and let iV be a normal subgroup of G. Let Irr(iV) = 
{cto, . . . , o~ p } be the set of irreducible representations of N with df := dim(fjj) and denote by 
I = {0, . . . ,p — 1} the set of subindices. Let us also denote by Irr(G/iV) = {tq, . . . , r^ } the set 

of irreducible representations of G/N with dfj := dim(Tj). 

The group G/N acts on Irr iV as follows: since N is normal, G acts on N by conjugation g-h := 
ghg~ l , for g G G,h E N. Let a € Irr(iV) and consider its character Xa '■ N — > C. Then G acts on 
the characters Xa by g ■ Xa(h) '■= Xa(g~ 1 h9)- Since the character is a function on the conjugacy 
classes in N this action is constant in the cosets gN ', i.e. gh • Xa(x) = gh! • X<j{ x ) = Xa(g~ 1 xg), 
for g G G, x, h, h! G N . Therefore G/N acts on the characters of N, which induces an action on 
Irr(iV) by 



for p,a G Irr(iV), g G G/N. In particular g ■ Xp(l) = Xo-(l) = dim(cr), thus representations in the 
same orbit have the same dimension. 

Choose a set of representatives of the classes in IrriV under the action of G/N and denote 
by I = {0, . . . ,k} C I the corresponding subset of subindices. For any i G I consider the orbit 
Orb(cTj) of o~i under G/N of length n{. Let Gj be the stabilizer and let Irr(Gj) = {rf , . . . ,rj/" i } 
the set of irreducible representations of Gj. Recall that if 0{ and Gj are in the same orbit then Gj 



Rom(O y ,F 1 (E))^Rom(^ N (O y ),^ N (F 1 (E))) 



a G/N- invariant subsheaf F C E. 



□ 



G / N -Hilb(N -Hilb(C 3 )) M c 
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and Gj are conjugate, in particular isomorphic. The trivial representation oq G Irr(iV) is always 
fixed so that Go = G/N and Tq = Tj for all j. 

The irreducible representations of G are obtained as follows: for every i G I the representations 
in the orbit 0rb(<7j) combine to give hi + 1 irreducible representations pj for j = 0, . . . , hi with 
dim(pj) = njd^ dim(r/) (see Table H]). In particular, if a% is fixed by G/N then it give rise to 
ho + 1 irreducible representations, where each of them corresponds to an irreducible representation 
of G/N . Note that p[j is the trivial representation of G. 



a Orb(cri) ... 0rb(<7 fc ) 



P°o 






Pi 


Pi 








p? 1 


Pk 


Po° 



Table 1. Irreducible representations of G from the action of G/N into Irr(iV). 

Recall that for any finite group G we have that |G| = Yl P eirr(G) dim(p) 2 and if G acts on a set 
X then | Orb(x)| = |G|/|Gj;| where G x is the stabilizer subgroup of x G X. Then 

k h 

]T(dim^) 2 = ^^(n^dimr/) 2 = \G/H\ ^ = \G/H\\H\ = \G\. 

Thus pi are all the irreducible representations of G. 

Remark 2.8. The action of G/N on Irr(iV) to produce Irr(G) can be translated into the McKay 
quiver N, where every vertex corresponds to a irreducible representation of N. Then G/N acts 
on the set of vertices and on the set of arrows of Q, as well as on the path algebra kG; permuting 
the set of primitive idempotents {ei\i G I}. We thus can construct the McKay quiver of G as the 
G/iV-orbifold quiver of the McKay quiver of N. See [Pern] for the general formulation and [NdCJ 
for the case of binary dihedral groups in GL(2,C). 

Let us describe the stability parameter defined in Definition 12.41 which is shown in Table [2J We 
are going to use the O-generated stabilities for the groups N and G/N separately so let us denote 
them as follows: 

e N £ qp+1 guch that N ._ 0N( ai ) > o for % ^ and a t G Irr(TV). 
qG/N £ guch that gG/N ._ qG/N^ > q for ■ ^ q and T . £ Jf^Q/N). 

In particular we have ^f=o df@f = and ^^=0 9^ = 0, so that 

v h 
9$ = -J2 dfef and 0^ N = - £ df N 
i=i 3=1 
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cr Orb(cri) ... Orb(cr fe ) 





CT i GOrb(o- 1 ) 




dim(r°) • £ «T 

criGOrb((T fc ) 


d? /N e$ + sef /N 








dim(^).^0f 

cr ( eOrb(eri) 


dim(7£»)-XX 

(TieOrb(cr fc ) 





Table 2. Stability condition in terms of 9 N and # G//7V . 



3. The case G Abelian 

Let G C SL(3, C) be an Abelian subgroup and let A < G be a normal subgroup of G with 
|^4| = p and |G/A| = q. After introducing the toric notations that are needed, we describe how to 
calculate the triangulation of the junior simplex A corresponding to Y := G/A-Hilb(A-Hilb(C 3 )) 
and we construct explicitly every G-constellation in Y from the ^4-clusters. Then we describe a 
method to calculate the local coordinates of a moduli space of G-constellations using the McKay 
quiver and finish the section describing the stability condition in the Abelian case. 

Every element of G can be written of the form g = diag(e ai , e a2 , e a3 ) where e is a rth primitive 
root of unity and < at < r. Let LdZ 3 the lattice generated by the elements of G written in 
the form £(ai, 02, 03) and let M := L y the dual lattice of Laurent monomials. The junior simplex 
is the triangle A C := L ®z R with vertices the standard basis e± ,62,63. We denote by 
the affine plane spanned by A and := L n R^. Recall that A contains all lattice points with 
&\ + «2 + 03 = T and triangulations of A are in 1-to-l correspondence with crepant resolutions of 
C 3 /G. 

First consider the action of A on C 3 . In |CR] Craw and Reid give method to triangulate A into 
p regular triangles Aj which produces the crepant resolution 74-Hilb(C 3 ). This triangulation shows 
that A-Hilb(C 3 ) = Uf=i where Y% := cr(Aj) = C 3 ^ ^. ^ is the affine toric variety associated to 
the triangle Aj, and 014, 7$ are Laurent monomials in x, y and 

The action of Gj A on j4-Hilb(C 3 ) is again Abelian so it is given by diagonal matrices, thus it 
acts on every Y\ separately. For every triangle Aj with i = 1, . . . , p, we form the the toric singular 
quotient Yi/(G/A) and take G / A-Hilb(Yi) as crepant resolution. Therefore, 

v 

G/yl-Hilb(A-Hilb(C 3 )) = [j G/A-m\b(Yi) 

i=l 

In other words, the triangulation of A which gives G/ J 4-Hilb( J 4-Hilb(C 3 )) is produced in two 
steps: Firstly calculate j4-Hilb(C 3 ) according to [CR| to obtain A = U?=i^v Secondly, trian- 
gulate every Aj into q regular triangles with the same method according to the Z/g-action of 
G/A into Y{ to produce A = \J Ay for i = 1, . . . ,p, j = 1, . . . , q. Obviously, the same process of 
successive triangulations can be done as many times as nontrivial normal subgroups we have in 
a filtration of G. See Figure CD 

We now look at how G/A-Hiib(j4-Hiib(C 3 )) can be constructed explicitly as a moduli of G- 
constellations. As an A-constellation, a point T G A-Hilb(C 3 ) is an A-equivariant coherent sheaf 
on C 3 such that H Q {F) =i C[A] =i © ff efa:(A) <x, and F = Oz for some A-cluster Z. Therefore, 
locally at U C ^4-Hilb(C 3 ) we can take a basis T := {Ao-ler G Irr(A)} of H°(F) to be an ^4-graph. 
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Z/2-Hilb Z/3-Hilb(Z/2-Hilb) Z/5-Hilb(Z/3-Hilb(Z/2-Hilb)) 

Figure 1. Successive triangulations of A for a group G of order r = 30 = 2-3-5. 



That is, Ao- is a monomial in C[x,y, z] and if x l y^z k G T then x 1 ' yi' z k ' G T for any i' < z, j' < j 
and k! <k (see |Nakj ). We call T the building block for the open set [/. 

It is also known from |Nak| that C7 = cr(Aj) = C 3 bc where a = -I 2 -, 6 = 



and c 



are Laurent monomials in x,y and z, where f a , f a i and f ff n belong to a, a' and a" respectively. 
Then, an open set V = er(Aj,-) C G/N-H.i\h(U) is determined by a G/iV-graph := {w T |r G 
Irr(G/iV)} = C[G/N] where lu t are now monomials in C[a,b, c]. Thus, a point Z G V as a 
G-equivariant module can be written in the form 

Z = {lo t T\t G Irr(G/iV)} = {o; r A CT |r G 1tt(G/N), a G Irr(iV)} 9* C[G] 

In other words, the resulting G-constellations arising from the open set U are obtained by mul- 
tiplying the building block T to the different G/iV-graphs f2. 

Example 3.1. Let G = §(1,2,3) = |(1, 0, 1) x |(1, 2, 0) = Z/6Z. Take the normal subgroup in 
G to be A = i(l, 0, 1). The triangulation of the junior simplex A = Ai U A2 corresponding to 
A-Hilb(C 3 ) = U\ U U2 and the toric coordinates are given in Figure [2j 




Ui 


£■11 Vii Ci 


^1-graph 


G/j4-action type on Ui 


u 2 




[13 

1 x\ 


|(1,0,2) 
1(1,1,1) 



Figure 2. Toric fan and coordinates for §(1, 0, l)-Hilb(C 3 ). 



The action of G/A §(1, 2, 0) on A-Hilb(C 3 ) leaves invariant the open sets U\ and U2, sending 
(ei,r?i,Ci) | — > (wei, 771, w 2 Ci) and (£2,^2^2) ^ (^£2, ^772, ^£2) respectively, where a; is a primitive 
cubic root of unity. Therefore, each of the quotient open sets Ui/{G/A) contains the non-isolated 
singularities §(1,0,2) and §(1,1,1) respectively, which we resolve with the crepant resolutions 
(G / A)-Wi\h{Ui) . See Figure [3]to see the triangulations of the triangles Ai and A2. 

The crepant resolution obtained in this way corresponds to adding to the triangulation Ai U A2 
the rest of the points of G-action that we have not used in ^4-Hilb(C 3 ) (in this case §(1,2,3), 
§(2,4,0) and §(4,2,0) shown in red color) and triangulate every Aj according to G/A-Hilb(Ui) 
for i = 1,2. Changing back to the coordinates x, y and z we obtain the triangulation shown in 
Figure |U 

For j = 1,2,3 the basis for the G-constellations of the open set Uu are given by multiplying 
every basis element in the (G/A)-graphs Qi = {l,Ci>Ci}> ^2 = {l,Ci? £ i} an d ^3 = {l,£i,ef} 
by the building block T = {1,21} coming from the open set U\. Similarly for the open sets 
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U 13 



Coordinates 



si £1 
ei ' Ci 



'?1 



G/A-graph 



i Ci Ci 2 



1 Ci e x 



1 e\ ei 




U,, 



U 2 i 
U22 
U 23 



Coordinates 



£2 m a3 
C2 ' C2 ' « 

>?2 C2 ^.3 



£2 C2 3 

m 1 V2 ' '2 



G//l-graph 



1 c 2 CI 



1 £ 2 e 2 



1 J72 J?2 



Figure 3. ±(l,0,2)-Hilb([/i) and i(l, 1, 1)-Hilb(£7 2 )- 



ei 




Figure 4. Toric fan for 2, 0)-HUb(|(l, 0, l)-Hilb(C 3 )). 
f7 2j C i(l,0,l)-Hilb(i(l,2,0)-Hilb(C 3 )). More precisely, the G-constellations are 



Mh ={1-|1 4Cf 


1 z 




Mi2 = {l-|lz|,Ci- 


1 z 




Mi3 = {l-|l z|,£?- 


I* 




M21 = {l-|l x|,Ca- 


1 a; | 




M 22 ={!• 1 X\,£2- 


1 x \ 




M 23 = {1 • 1 x • 


1 £ | 



Ci • |i z[ (1 ■ 1 1 ^ | > = {1, y, yz, y 2 , y 2 z} 



2 i 

x x x 



Let now A = |(1,2,0) be the normal subgroup. Then A-Hilb(C 3 ) = V\ U V2 U V3 where 
= C 3 . The quotient group G/.A = 0, 1) produces a Z/2Z-action on every for i = 1, 2, 3. 
The resolution of these singularities is translated into the junior simplex A = A\ U A 2 U A3 by 
adding the points |(3, 0, 3) and |(1,2, 3) and triangulate in the only possible way as in Figure El 
All crepant resolutions of C 3 /g(l, 2, 3) are shown in Figured 






G-constellations 




{hv,y 2 ,z,yz,y 2 z} 


M[ 2 


{hy,y 2 ,^^,x} 


M31 


{l,s,y, 




{l,x,y,z,xz,yz} 


M'z\ 


{l,x,x 2 ,x 3 ,x 4 ,x 5 } 


M' i2 





Figure 5. Toric fan i(l, 0, 1)-Hilb(±(l, 2, 0)-Hilb(C 3 )). 
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3.1. Local coordinates. The local coordinates of an open set U corresponding to a G-constellation 
M can be obtained as follows. Let S := C[x,y,z] and for every p £ Irr(G) consider the Cohen- 
Macaulay S G -module S p := (S ® p*) G . Taking M = peIrr(G) S p , the McKay quiver of G is the 
quiver associated to End S G(M). 

Let M be a G-constellation in C 3 . As a representation of Q, M predetermines the linear 
independent maps between the vector spaces W» located at every vertex of i £ Q, which give the 
local coordinates of the corresponding open set. These distinguished linearly independent paths 
in kQ form skeleton of M. 

2 2 

For instance, let M22 = {1, x, ~, z, ^-} be the G-constellation defining the open U22 £ 
Z/3Z-Hilb(y) where Y := Z/2Z-Hilb(C 3 ). Let Q be the McKay quiver of G with the usual 
commutativity relations xy = yx, xz = zx and yz = zy (see Figure [7j), and consider M22 as a 

representation of Q. Then by choosing the basis element at every vector space C p to be given by 

2 

the unique element X p £ M, we have that x ■ x = a ■ -, y ■ 1 = fr - f and z • ^ = c • cc, so that 

3 3 

o = 6 = ^ an d c = which are precisely the local coordinates of cr(A22)- Since after change 
of basis any nonzero map can be chosen to be 1, the skeleton sk(U[ 2 ) in this case is formed by 
the linear maps equal to 1. 




Figure 7. McKay quiver for G = §(1,2,3) and the open set U' l2 = C 3 b c . 

Compare with [Ish| Lemma 3.2 for an alternative method when G is an Abelian subgroup in 
SL(3, C). We want to emphasize that the method described above and used in this paper is valid 
for an arbitrary group G. 

3.2. ^-stability in the Abelian case. Every irreducible representation o"j £ Irr(A^) is fixed 
so all stabilizers Gi are isomorphic to G/N. The irreducible representations of G are therefore 
distributed as in Table [3l Since n.j = df = d^ N = 1 for all i = 0, . . . ,p — 1, j = 0, . . . , q — 1, 
we have that dim(p) = 1 for p £ Irr(G). The stability condition 6 £ O for which the crepant 
resolution G/^-Hilb(^-Hilb(C 3 )) ^ M e is given also in Table O 
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Irr(G) = 



CO 


ai 




<?0 


CTl ... 


Cp-1 


P°o 


P? 




Pp-1 




-EU€-eEr=i f /N 






nN 
Vp-1 


Pi 


P\ 




Pp-1 


9 = 




0f 




nN 
Up-1 




















pV 


Pt l 




9-1 
Pp-1 






0f 




nN 
Vp-l 



Table 3. Irr(G) and the stability condition 6 in terms of 9n and 9, 



G/N- 



Example 3.2. Let us take the group G = 2, 3) and consider ±(1, 2, 0)-Hflb(|(l, 0, l)-Hilb(C 3 ))). 
The distribution of Irr(G) and the stability condition 9 are shown in Figure [8] where a, &i, 62 E Q 
are positive numbers and < s « 1. 



Irr(G) 





p°i 


pI 


p\ 


pI 


pi 



00 


Ox 




-a - e{pi + b 2 ) 


a 


9 2 


03 




—a + eb\ 


a 


9a 


05 




-a + eb 2 


a 



Figure 8. Irr(G) and stability condition for Z/3-Hilb(Z/2-Hilb(C 3 )). 



The stability condition is in this case is given clockwise around the McKay quiver. The G- 
constellations in every open set and the non-zero maps are shown in Figure [9l By checking the 
subrepresentations in every affine piece we can see that chamber C C is given by 

02,0A <0, 9 2 + 9 5 >0, #l + #4>0, 

3 > 0, 9 4 + 9 5 > 0, 9 + 9 1 + 9 3 > 0. 
Thus if we take < e < a/max{6i,62} every inequality is satisfied by 9. 




U21 U22 U23 

Figure 9. Constellations for Z/3-Hilb(Z/2-Hilb(C 3 )) as representations of Q. 



4. Non-Abelian examples 
4.1. Dihedral groups D 2n C SO (3). The group is generated by 

D 2n := (.4(1,-1,0),/?= (?^)) 
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and it has order 2n. The normal subgroup N := (a) has n 1-dimensional irreducible repre- 
sentations <7j(a) = e l where e is a n-th root of unity and i = 0, . . . ,2n — 1. The action of 
G/N = = Z/2Z give the irreducible representations of G as in Table H] depending on the 
parity of n. 



CO {01,O2to-1 } cr„ 



CO {ci,CT2 m } {c TO ,(T m +i} 



pS 


P? 




Pm—1 


P° 

rrn 




P°o 


P? 




0° 
rm 


Po 




pi 




Po 






Table 4. 


(a) 

Irr(L>2n) for (a) n = 


- 2m 


even 


and (b) n = 


(b) 

2m + 1 odd. 



The dimension vectors are j 2 . . . 2 j and j 2 ... 2 respectively. In this well as for any 

subgroup G C SO(3), the fibre over the origin / _1 (0) of any crepant resolution / : Y — > C 3 /G 
has dimension 1. See [GNS] . [NdCSj . 

The open cover of A^-Hilb(C 3 ) is given by n open sets Uj=i Uj, covering n — 1 rational curves 
£Jj for i = 1, . . . , n — 1. The action G/iV on iV-Hilb(C 3 ) identifies C/j and C/ n _j+i for i = 1, . . . , n. 

If n = 2m is even then E m is fixed by G/A^ having two fixed lines L+ and L_ crossing 
transversally the P 1 covered by f/ m and U m +\. They give rise to E + and E- respectively. If 
n = 2m + 1 is odd then the open set U m+ \ is fixed by G/N and there is just one fixed line L, 
producing the new rational curve E. 

Diagonalizing the action of G/N we see that in both cases these singularities are of type 
i(l, 1,0). By blowing up these singular lines it follows that the dual graph of the fibre over the 
origin of the singularity is shown in Figure [TUJ 



E\ E2 E2 E m E 
• • — • • • — • • • 

(-2,0) (-2,0) (-2,0) (-1,-1) (-2,0) 

(b) 

Figure 10. Dual graph of / -1 (0) for G/AT-Hilb(JV-Hilb(C 3 )) for (a) n = 2m even, 
and (b) n = 2m + 1 odd. The curve Ei denote the strict transform of E$ and the 
numbers denote the degree of the normal bungle at every curve. 

In this case we can see the contrast with G-Hilb(C 3 ) where in the case n even the graph is 
different, whereas in the case n odd the difference resides in the degrees of the normal bundles. 
The fibre over the origin in G-Hilb(C 3 ) is shown in Figure [TTJ See |GNSJ and [NdCSj for more 
details. 



£1 



E-2 



(-2,0) (-2,0) 




(-l,-l)(-2,0) (-2,0) (-2,0) 

(a) 




(-1,-1) 



(-1,-1) 



(-l,-l)(-2,0) (-2,0) (-2,0) (-3,1) 



(b) 



Figure 11. Dual graph of / 1 (0) for G-Hilb(C 3 ) for (a) n = 2m even, and (b) 
n = 2m + 1 odd. 



We illustrate the construction of G/A^-Hilb(iV-Hilb(C 3 )) in this case by an example. The 
general case is analogous. 
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Example 4.1. Let G = D\ 2 . In this case the McKay quiver with relations (Q,R) is given in 
Figure I4TT1 where the relations R provide the Morita equivalent between CQ/(R) and S * G, and 
are obtained following [BSW . 



Po- 



-A 



-pS^Z^^ a 1 A' 



Po' 



D 



B 



-A 



bC = 0, b'C = 0, cB = 0, c'B> = 0, 
Ca = uB, Co! = vB',Ac = bu, A'c' = b'v, 
BA = uC,B'B' = vC',ab = cu,a'b' = c'v 
Bb + Cc = dD, B'b' + C'c' = Dd 
Du = vD, ud = dv 



Figure 12. The McKay of D\ 2 with relations. 

In this case the stability condition given in Definition 12.41 is shown below, where ctj,6 > for 
= 1, . . . , 5 and < e « 1. 



CO 


{^1,0-5} 


{02,04} 


&3 


- Ef=i <H - ? b 


ai + 05 


0,2 + Q>4: 




~ Ya=1 a i + £b 


a 3 



We start by considering the gluing of U% and U 2 with U$ and Uq by the action of G/N. Since 
U3 and U4 contain the fixed part we will treat them separately. We need to consider the N- 
constellations at the origin of each open chart, so after choosing a basis for every H°(gZ) for 
g £ G/N consisting of iV-graphs, we obtain the following G-constellations: 

iV-constellations G-constellations Skeleton in kQ Open set 

Z\ = {l,x,x 2 ,x 3 ,x 4 ,x 5 } 
gZi = {l,y,y 2 ,y 3 ,y 4 ,y 5 } 



Z 2 = {l,y,x,x 2 ,x 3 ,x 4 } 
gZ 2 = {l,x,y,y 2 ,y 3 ,y 4 } 



In the skeleton of the open sets the two vertical dots in the two middle vertices of the McKay 
quiver denote the two linearly independent vectors e\ and e 2 in the corresponding vector space 
at that vertex. 

With a similar calculation as in Section 13.11 we can calculate the local coordinates to obtain 
Vi - bpec(L[ xi _ yi , {xi+yi) <2 , [x +y ) J, V 2 - bpec(L[ , {x < i+y ^± , — — — J and a - ^pp. 

Let us now consider the G-constellations arising from the blowup of the fixed lines L + and L_. 
In the open set L7 3 = C 3 fcc with a = x 4 /y 2 , b = y 3 /x 3 and c = z, every iV-cluster is given by 

the ideal I a ,b,c = (x 4 — ay 2 ,y 3 — bx 3 , xy — ab, z — c). Then the lines L± are defined by b = ±1, 
c = 0, which means that the ideals defining the lines are Il± = {x 4 — ay 2 ,y 3 =F x 3 ,xy =F a,z). 
Therefore we can choose as basis for the iV-constellations at these lines the iV-graphs T± = 
{l,x,y,x 2 ,y 2 ,x 3 ± y 3 }, which are invariant under the action of G/N . 

For the line L + we have 6 = 1. By the change of coordinate b + = 1 — b we have that the action 
of G/N as |(1, 1,0) is defined on C\ B C where A = c, B = 2^£t, C = a{b + ) 2 . This implies that 



1 


0, y) 

(x 5 ,y 5 ) 


(x 2 ,y 2 ) 
(x 4 ,y 4 ) 


x 3 + y 3 


a 


3 3 
x — y 




1 


{x,y) 
(ax, ay) 


(x 2 ,y 2 ) 
(x 4 ,y 4 ) 


x + y 


a 


3 3 
x° — y° 




V2 
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the rational curve E + is covered by the open sets V3 = C 3 B2 a/b c , — ^2 B / A c 
given by the ratio (A : B) = (z(x 3 — y 3 ) : x 3 + y 3 ). In terms of G-constellations, the calculation 



,, and E + 



is 



is the same as in the Abelian case, where V3 and Vq are the open cover of |(1, 1, 0)-Hilb(C 3 4 B c ). 
See Figure [T3j In the case of V3 for instance, we have the nonzero maps coming from the N- 
constellations T + and T + ■ B (generated from p[j and p$ respectively) and the extra arrow comes 



from the fact that (x 3 + y 3 )B 

r+ -»• bt+. 



(x 3 — y 3 ) + 



, which is induced by the G/iV-equivariant map 



G- const ellat ions 



Skeleton in k.Q 



r + -{l,B}: 
T+.{l,z}: 
T--{1,B'}: 
r+ •{!,«}: 



1 


(x,y) 
(xB,yB) 


(x\y 2 ) 
(x 2 B,y 2 B) 


x 3 + y 3 


B 


(x 3 + y 3 )B 



1 


ix,y) 
(xz,yz) 


(x 2 ,y 2 ) 
(x 2 z, y 2 z) 


x 3 + y 3 




(x 3 + y 3 )z 



1 


(x,y) 

(xB',yB>) 


(x 2 ,y 2 ) 
[x 2 B\y 2 B') 


(x 3 - y 3 )B' 


B' 


x 3 — y 3 



1 


(x,y) 
{xz,yz) 


(x 2 ,y 2 ) 
(x 2 z,y 2 z) 


x 3 — y 3 


z 


z(x 3 - y 3 ) 




Open set 
V 3 

v 6 
v 4 



Figure 13. G-constellations at the open sets covering the exceptional curves E + 
and E~, where B = 4±4 and B' 



Similarly, for the line L + we have b = — 1. By the change of coordinate b + = 1 — b, the action 
of G/N as 1,0) is defined on C\, B , >C , where A' = c, B' = £^2, C' = a{b~) 2 . This implies 
that the rational curve E_ is covered by the open sets V4 = C^, 2 A , i B , c ,, V5 = C A , 2 B , , A , c ,, and 

E~ is given by the ratio (A' : B') = (z(x 3 + y 3 ) : x 3 — y 3 ). In terms of G-constellations, the 
calculation is the same as before but taking now T_ instead of r+. See Figure [T3l 





Figure 14. Open set V 3 C A^. 



The skeletons provide the choices of nonzero variables in the representation space rep(Q). For 
example, the case V3 can we choose c = (1, 0), b = (0, 1), d = Id, C\ = 1, B = ( \ ) and use the 
relations we obtain the representation space of V3 C A4q shown in Figure [H where K = c'(C — 1). 

(x 6 +j/ 6 ) 2 • 



'a.c'C where « 



and C 



Thus V 3 

4.2. L» 8 -Hilb(i(l,2,0)-Hilb(C 3 )). Let G be the group iVxG/iV C SL(3 
by g = |(1,2,0) and G/N = D 8 C SO(3) is generated by a 



where N is generated 
1(1,3,0) and = (10 V Let 



00-1 
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Irr(iV) = {do, o"i, o<i\ where <Ji(g) = <jo 1 for i = 0,1,2 and u a primitive cube root of unity. In 
this case we have Orb(cro) = °o an d Orb(oi) = {01,02} with stabilizers Go = G/N = D$ and 
G\ = (a) = Z/4Z. Therefore IrrGo = {tq,t\,T2,tz,t^\ where dim(rj) = 1 for i = 0, . . . , 3 and 
dim(r4) = 2. The irreducible representations of G are shown in Table [5j 



00 {01,02} 



Po 



Po 



Pi 



Pi 



Pi 



Table 5. 



Pi 



p{ 



P? 



P? 



d 



00 {01,02} 



1 


2 


1 


2 


1 


2 


1 


2 


2 



00 



{01,02} 



—a — b — bee 


a + b 


—a — b + ec 


a + b 


—a — b + ec 


a + b 


—a — b + ec 


-2a -2b + ec 


a + b 



rreducible representations of G with their dimensions and the stability 



condition for G/iV-Hilb(iV-Hilb(C 3 )) with a, b, c > and < e « 1. 



The McKay quiver is shown in Figure [T5l which coincides with the Mckay quiver of D24 C SO(3) 
as in O since G = D 2 a = (^(1,11,0),/?). 



P°o 



Pi 



Pi- 



o 



o 



-p%-- 



o 



Figure 15. The McKay quiver of G. 



pI 



pI 



The scheme iV-Hilb(C 3 ) can be covered by 3 open sets Ui for i = 1,2,3 with the corresponding 
distinguished ^-constellations Z% = {l,x,x 2 }, Z2 = {l,x,y} and Z3 = {l,y,y 2 }. By the action 
of G/N = Dg the open set U 2 is fixed while U\ and Us are identified. 

2 2 

The fixed open set U 2 has coordinates a = — , b = — and c = z. If we denote by (+) := a 2 + b 2 

y x 

and (— ) := a 2 — b 2 , we have that G/Af-Hilb(C 3 b ) is covered by 5 open sets given by the following 
G/iV constellations: 

ri = {1, a, b, (+),(-),„(+), &(+),-(+)(-)} 
r 2 = {1,0,6, (+),(-), a(+),6(+),c} 
T 3 = {l,a,6, (+),(-), ac, -6c, c} 
T 4 = {l,a,6,c(-), (-),ac, -6c, c} 
T 5 = {1, a, 6, (+), c(+), ac, -be, c} 

We obtain in this way the open sets Vi given by the G-constellations Tj • Z2, for i 
shown in Figure [TBI 



,5 



In the case of the orbit {U\, Us} we have U\ 
and U3 = C^/ e / with coordinates d! = y 3 , e' 
a fixed line with stabilizer subgroup G\ = (a) 
G\ -graphs 

fli = {l,c, c 2 ,c 3 },f2 2 = {l,c, c 2 ,d},fi 



C^ e j with coordinates d 



x , e 



y/x 2 , f = z, 



z. In each of the open sets there exist 
Z/4Z. This implies that we have to consider the 



{l,c,d, d 2 },Sl A = {l,d,d 2 ,d 3 } 
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in Ui, and 

n[ = {l,c',c ,2 ,c' 3 },n' 2 = {l,c',c' 2 ,d'},n 3 = {l,c',d',d' 2 },n 4 = {l,d',d' 2 ,d' 3 } 

in U 3 . The identification of U\ and U 3 by (5 produces the open sets Ui given by the G-constellations 
fii ■ Z x U J2J • Z 3 for i = 1, . . . , 4. See Figure M 



G-const. Skeleton in kQ Open set 



IW2 



r 3 • ^2 



1^4 ■ Zo 



r, ■ z, 



V. 



J- >4 



V, 



j — 



v 2 



V3 



G-const. 



O r Zi U Q' r Z 3 



q 2 -^i u n' 2 -z 3 



n 3 -Zi u o' 3 -z 3 



q 3 -Zi u n 3 -z 3 



Skeleton in kQ Open set 



Figure 16. G-constellations for D 8 -Hilb(i(l, 2, 0)-Hilb(C 3 )). 



lh 



lh 



Ua 



Let Y := 1(1, 2, 0)-Hilb(C 3 ), Then the exceptional fibre over the origin ir 1 (0) of the crepant 
resolution it : Y — > C 3 /N consist of two (— 2, 0)-rational curves intersecting in one point. The 
action of G/N interchange these two curves, producing in Y/(G/N) a single rational curve E 
with singularities of types |(1, 3,0) and D$ at and 00 respectively. The fibre 4>~ l (0) of the 
crepant resolution <f) : G/N-Hi\b(Y) — > C 3 /G is therefore given by the following dual graph 



(-1,-1) 



Ei E2 E 3 E F\ F2 



(-2,0) (-2,0) (-2,0) (-1,-1) (-1,-1) (-2,0) 




F 3 



(-1,-1) 

where E$ are covered by Ui for i = 1, . . . , 3, and Fj are covered by Vj for j = 1, 
is the strict transform of E. 



, 4, and E 



4.3. Trihedral group of order 12. Let G be the group generated by N := (1(1,1,0), 1(1,0,1)) 

and T := (0 l ) . The Abelian normal subgroup N ^ Z/2 x Z/2Z with Irr(iV) = {a , <n, <t 2 , 03} 

induce the irreducible representations of G as in Table [6l The McKay quiver with relations (Q, R) 
is given in Figure [TTJ 

By acting first on C 3 , ^ with N we have that iV-Hilb(C 3 ) is given by 4 affine open sets Ui, 
i = 1, . . . , 4. The iV-constellations at each of these open sets are 



Z\ = {1, x, y, xy}, Z 2 = {1, y, yz}, Z 3 = {1, x, 2, xz}, Z 4 = {1, x, y, z}. 
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0"o 


{a x , a 2 ,a 3 } 




o"o 


{0-1,0-2,0-3} 






{0-1,0-2,0-3} 


P°o 




,d= 


1 




,0 = 


- X) Oi - 2e6 




Pi 


Pi 




1 


3 




- X] o« + 


a>x + °2 + ^3 


Pi 






1 











Table 6. Irreducible representations of G with their dimensions and the stability 
condition for G/iV-Hilb(iV-Hilb(C 3 )) with a { , b > for i = 1, 2, 3 and < e « 1. 



Po 




U-B = luvB, bu = cubv 
uC = D 2 vC , cu = UJ 2 CV 
Aa + uBb + up-Cc = u 2 
Aa + uj 2 Bb + wCc = v 2 



Figure 17. McKay quiver of G with relations. 

The action of G/N = (T) = Z/3Z identifies the open sets Ux, U 2 and U3, and fixes U4, inducing 
the corresponding action on the TV-constellations. The orbit {Ux, U 2 , U3} give rise to the open set 
Vx C G/iV-Hilb(iV-Hilb(C 3 )) shown in [HI 



iV-constellations 



Splitting into Irr(G) Skeleton in kQ 



Zx 


= {h 


x,y, xy} G Ux 


1 


(x 


y,z) 


Zx 


= {1 


y,z,yz} G U 2 


A 


(xy, 


xz,yz) 


Zx 


= {1, 


x, z, xz} G Us 




(x 






A* 


y,z) 




Open set 



Vx 



Figure 18. G-constellation arising from the orbit {Ux,U 2 ,U 3 }. 



w> a ^ P - J|, where R 
y 2 z 2 + uj 2 x 2 z 2 + cox 2 y 2 . The local 



— and /i 



It follows form the same method as Section 13.11 that A 
y 2 z 2 + x 2 z 2 + x 2 y 2 , Rx : = y 2 z 2 + a;x 2 z 2 + uj 2 x 2 y 2 and i? 2 := 
coordinates of this open set are written at the end of the section. 

The remaining case is the fixed TV-constellation Z4 in U4. The open set U4 = C 3 bc has 
coordinates a = b = 22 and c = ^ and we have T(a) = 6, T(6) = c and T(c) = a. On the 
other hand, diagonalizing the action of T = Z/3Z, we can consider it to be of type 4(1,2,0) on 

a + w 2 6 + wc, j3 = a + ujb + oj 2 c and 7 = a + 6 + c. That is, 



C 3 ^ with the new coordinates a 



a 



f: 



J± _ h _ Jo 

J3 /3 73 



x 2 + uj 2 y 2 + wz 2 , / 2 



x 2 + ujy 2 + w 2 z 2 , / 3 



xyz and w is a 



where /o := x + y + z , fx 
primitive cube root of unity. 

The situation is therefore identical to the Abelian case, so we need to consider the distin- 
guished G/iV-consteilations in 2, 0)-Hilb(C Q)/ g i7 ), namely Fx = {l,a,a 2 }, T2 = {l,a,/3}, 



T3 = {l,/3,/3 }. They give rise to the G-constellations Z4 • Tj and the following skeletons: 
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G-constellations 



Skeleton in kQ Open set 





1 


(x,y,z) 


Z4 • {1, a, a 2 } : 


a 


(a, ax, ay) 




a 2 


(a 2 ,a 2 x, a 2 y) 





1 




Z 4 • {I, a, (3} : 


a 


(a, ax, ay) 




P 







1 


(x,y,z) 


Z 4 .{l,/? 2 ,/3}: 




(/3 2 ,f3 2 x,f3 2 y) 






(P,Px,Py) 



v 2 



Figure 19. G-constellations arising from the non-isolated ,(1, 2,0) line. 



It can be checked that the matrices giving the open sets Vi C Mg{Q, R) are the following: 
V x : o=(l,0,0),6 = (0,0,l),c=(l,C2,l),i4= I -'-■< i-i, +.-,«,( ] . D 



010 

C-i-uid w 2 c 2 Ci ui 2 C 1 +luB 1 
u 2 c 2 C 3 -u 2 {c 2 C x -\) -u) 2 c 2 Ci 



C1+C3 
-c 2 C 1 A 1 +c 2 B 1 C 3 

1 

W 2 C*1+C 3 LUC 2 d U)C 1 +U) 2 B 1 

ojc 2 C 3 — lo(c^C\ — 1) — U1C 2 C\ 



Ci 




V 2 : a = (l,0,0),6 = ( Sl -6lB3,l,6 3 ) ) c=(0 ) ) lM=( (6 ^» 3 ),5=(|) ) C=(] i 



10 

— uPb\B\+b 3 B 3 loBi u 2 +ub 3 Bi 
u>B 3 —u)b 3 B 3 -uBi 



10 

-ubiBi+b 3 B 3 uj 2 B\ u)+ui 2 b 3 Bi 
uj 2 B 3 -u) 2 b 3 B 3 -ui 2 Bi 



V 3 : a= 1,0,0 ,6= 0,0,1 ),c= {c x ,l,l),A = [ -C.M+B^ ] B = ( ) ,C = 
1 o\/o 1 0' 



C3-WC1C1 



w 2 C*i w 2 C*i+wBi 



w 2 (Ai-CiCi) -w 2 (Ci- Cl ) -w 2 Ci 



C 3 -w 2 C*ici uCi uiCi+ui 2 B! 
£j(Ai— Cicx) — w(Ci— ci) —wC\ 



V4 : a = (1, 0,0), 6 = (0, 0, 1), c = (Ci - c§C 3j l,C3M 
1 \ 

w 2 C 3 -w 2 c 3 C 3 -u 2 Ci J 



C1C1+C3 \ / 1 \ fCi 

Cs-CiAi , B = , C = 

(cics+lJCiCs y VAi/ Vc* 3 

10 

j 2 C 2 +w 2 c 2 CiC3+c 3 C3 wt7i aj 2 +ajc 3 Ci 

0JC3 — C 3 -idCl 



Using the quiver between the semi-invariants we can compute the local coordinates at every 
open set as in the previous examples obtaining: 

Vi = C| 1)C2)Cl = C[-fxRo/R 2 , -VSfs/Ro, -f 2 Ro/Ri], 
V2 = Cb s , Bl ,B 3 = C[-R l /(V3f 2 h),V3f 1 f 3 /R 2 ,V3f 2 h/R2], 
= C| ljC1)Cl = C[-V3/i/ 3 /i? 2 , -Ro/(V3f 3 ), V3f 2 h/Ri], 
V* = C s C3 , Cl ,c 3 = C[R 2 /(V3fif 3 ), Vsf 2 f 3 /Rx, Vzflh/Ri}. 



ON G/AT-HILB OF AT-HILB 19 

Moreover, the glueing between the different open sets is given as follows: 
V 4 b (c 3 , Ci, C 3 ) <— > (-C3- 1 , Ci - c|C 3 , Ci) e v 3 

Vi 9 (Sx^.Ci) <— >• {B l C2,c^ 1 ,c 2 C 1 ) G V 3 

y 2 9 (63, Bi,s 3 ) <— >• (-^i, Si - &§s 3 , -63 1 ) g y 3 

Hence, the fiber of the origin of the quotient space are three rational curves meeting in a point. 
The dual graph with the appropriate degrees of the normal bundles is the following: 

(-2,-0) (-2,0) 




(-1,-1) 

In this case the chamber C C 6 for which G/A r -Hilb(iV-Hilb(C 3 )) = Mc is given by the 
inequalities Q\ + 63 > 0, 62 + # 3 > and Q\ + 62 + 03 < 0. On the other hand, the fibre over in 
G-Hilb(C 3 ) is given by the dual graph 



(-1,-1) (-3,1) (-1,-1) 
• • • 

and the chamber C for G-Hilb (C 3 ) = M c > is given by 0* > for % ^ 0. See |NdCS| for details. 

5. When Hilb of Hilb is Hilb 

In this section we study the relation between G-Hilb and G/iV-Hilb(iV-Hiib). Since both of 
them can be constructed as moduli spaces of representations of the McKay quiver, we can ask 
the question of when they are isomorphic as moduli spaces and if not, when they are isomorphic 
as algebraic varieties. 

Considering them as moduli spaces we have that G-Hilb = Mc and G-Hilb (JV-Hilb) = Mc' 
for some chambers G, G' C O, where G' is the chamber containing the parameter in Definition 
12. 4[ Then the problem is to determine which groups G admit a normal subgroup N such that 
G = G'. We give complete answer to this question in the case of G C SL(2,C) in Corollary 15.21 
and G C SL(3,C) in Theorem[521 

As algebraic varieties, in dimension 2 there is nothing to prove since both of them are minimal 
resolutions of C 2 /G thus isomorphic. For G C SL(3, C) we give a complete answer when the 
group G is Abelian by using the method of Craw and Reid [CR] to obtain the triangulation of 
the junior simplex A which corresponds to G-Hilb(C 3 ). As we saw in Section [3] the triangulation 
for G/A r -Hilb(A r -Hilb(C 3 )) is given by using the Craw-Reid method in two steps, first for iV and 
then for G/N. Comparing both triangulations we are able to describe in Theorem 15.61 all possible 
configurations for G and ./V for which there is an isomorphism of varieties. 

5.1. As moduli spaces. Let G C SL(3, C) and N <\ G be a normal subgroup. With the same 
notation as in Section [2] let Y\ := A^-Hilb(C 3 ) and Y2 := G/A r -Hilb(Yi) with universal families Z\ 
and Z2 respectively, and denote \syU := Po2*(Oz 1 x Yl z 2 ) the flat family over Y% of G-constellations 
by the projection p 02 ■ Y 2 x Y\ x C 3 — > Y 2 x C 3 . 

As we know, G-Hilb(C 3 ) = Mc an d Y2 = Mc are both crepant resolutions of C 3 /G isomorphic 
to a moduli space of G-constellations for some chambers G, C' C 0. Then, 

G = C' <^ 3 a closed subscheme Zc^xC 3 such that U = O z 
<J=^ <f> : Z2 X-Yi Z\ — > Y2 x C 3 is a closed immersion 
(J) is injective on the C-valued points. 
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If we denote by Y 1 the fixed locus of the action of G/N into Y\, we obtain the following 
sufficient condition for Y 2 and G-Hilb(C 3 ) being isomorphic as moduli spaces. 

Lemma 5.1. 7/rf x (0) £ Y° ,N then C ^ C 

Proof. Let g G G/N and let y,g(y) G t 1 _1 (0) C Y\ two distinct points. Then there exists a G/N- 
cluster W G Y 2 such that y,g(y) G Supp(W). Then (W,y), (W,g(y)) G Z 2 and (y,0),(g(y),0) G 
iJi, which implies that (W,y,0),(W,g(y),0) G -Z^ Xyi Z\ are two distinct points. But then 
<f)(W, y, 0) = cf)(W, g(y), 0) = (W, 0) so is not injective. □ 

As an immediate consequence of the above condition we can conclude that for any finite 
subgroup G C SL(2,C) they are never the same moduli space. 

Corollary 5.2. Let G C SL(2,C) be a finite subgroup. Then C ^ C . 

Proof. Since G and G/N are subgroups of SL(2,C) they are small, so the action of G/N on Y\ 
has no quasireflections. Then dimY^ N = while r{" 1 (0) is the union of rational curves. □ 

Remark 5.3. The previous statement is not true if we take G to be a finite subgroup of GL(2, C). 
For example, if G = ^(1,1) and N = |(1,1) we have that r 1 _1 (0) = and in fact the 

chambers of Y 2 and G-Hilb(C 2 ) are the same. Moreover, even if we assume G to be small, the 
action of G/N on Y\ can have quasireflections and therefore G/iV-Hilb(Yi) may not be minimal. 

From now on let G C SL(3, C) be a finite subgroup. As the following theorem shows, the cases 
when Y 2 and G-Hilb(C 3 ) coincide are very few. 

Theorem 5.4. If G be a finite subgroup o/SL(3, C). Then, 



Proof. Recall that if G C SL(3,C) then dimY^ 7 < 1. Therefore if C = C then by Lemma O 
we must have dim(r 1 _1 (0)) < 1. Moreover, since the r _1 (0) is connected it must consist of a single 
curve. Indeed, if we have more than one curve in r _1 (0) fixed by G/N then at any intersection 

point of two curves a 2-dimensional subspace of the tangent space is fixed, thus dim Y^ N > 1 a 
contradiction. 

Therefore N = Z/2Z and we can suppose it to be isomorphic to i(l, 1, 0). Then A r -Hilb(C 3 ) = 
Ui U U 2 where Ui = C 3 2 u , U 2 = C 3 2 2 and r _1 (0) = E ^ P 1 with coordinates x : y. After 

i Z i x V )Z> y 

extending the action of G/N on C[x, y, z] naturally into C(x, y, z) , we have that G/N fixes E 
if g(^) = | for all g G G/N. In other words, g as al element of G can be written in the form 

/ e a \ 

I o e b I with a, b G C and e a primitive n-th root of unity. But the group N is normal in G, 



so g must commute with any element in N. This implies that a = b = and since G contains 
i(l, 1, 0) as a subgroup n has to be an even number. Thus G = 1, 2r — 2) for some r > 1. 

Conversely, if the group is of the form G = of (1, 1, 2r — 2) and N = ^(1, 1,0), then by the 
construction of G-consteilations in the Abelian case of Section [31 we see that the elements uo T for 
r G 1tt(G/N) are not Laurent monomials. More precisely, for U\ we have u TQ = 1, cj Ti = x 2 and 
for U 2 we have uv = 1, uj Ti = y 2 , so there are no Laurent monomials in the G-constellations Z 
of G/N-Hilb(iV-Hilb(<C 3 )). This means that they are precisely the G-graphs of G-Hilb(C 3 ), thus 
the chambers are the same. □ 

5.2. As varieties. In this section we assume that G C SL(3, C) is a finite Abelian subgroup. We 
use the same notation as in Section [3j We start by recalling the properties of the the triangulation 
of the junior simplex A constructed by Craw and Reid in [CR] corresponding to G-Hilb(C 3 ) that 




1 



1 



e 
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we need. By abusing the notation, in what follows we identify G-Hilb(C 3 ) with its corresponding 
triangulation of A given by [CRJ. 

A regular triangle of side r in A is a lattice triangle with r + 1 points on each edge. In 
G-Hilb(C 3 ) every regular triangle of side r is triangulated with the regular tesselation, which is 
done by drawing r — 1 parallel lines to the sides of the regular triangle, obtaining r 2 regular 
triangles of side 1. There are only two types of regular triangles appearing in G-Hilb(C 3 ), namely 
the corner triangle and the meeting of champions, both shown in Figure [20j 




In particular, the sides of a regular triangle always extends to one of the vertices C{. From 
the construction we can deduce the following properties that we use repeatedly in the rest of the 
section. 

Proposition 5.5. Consider the triangulation of A corresponding to G-Hilb(C 3 ). Then, 

(i) Any line contained in A either passes through one of the vertices ej for i = 1,2,3, or it is 
contained in a regular triangle. 

(ii) The valency of a vertex v in A is either 3, 4> 5 or 6. 

Proof. Part (i) follows from the construction of the triangulation of A, and part (ii) form [CR| 
Corollary 1.4. □ 

Theorem 5.6. Let G be a finite non-simple Abelian subgroup of SL(3, C) and let N be a normal 
subgroup of G, with N ^ G, {1}. Then 

G / N -Hilb(N -Hilb(C 3 )) G-Hilb(C 3 ) 

as algebraic varieties if and only if we are in one of the following situations 

(1) G/N = Z/mZ x Z/mZ for some m > 1. 

(2) G = ^(1, 1, r — 2) or G = £(1, r — 1,0), i.e. C 3 /G has a unique crepant resolution. 

(3) G = i(l,a,-a-l) with (2r,a) = I, a 2 = 1 (modAr) and N ^ ±(1,1,0). 

(4) There is a subgroup G' C G containing N such that (G',N) fits into either (2) or (3) and 
G/G' ^ Z/mZ x Z/raZ for some m > 1. 

The proof of the theorem is deduced from Lemmas 15.71 to 15.111 The first lemma shows the 
biggest family of Abelian groups for which we have an an isomorphism of varieties, and constitutes 
the case (1) in Theorem 15.61 The rest of the cases are in some sense sporadic. 

Lemma 5.7. If G/N ^ Z/mZ x Z/mZ then G / N -Hilb(N -Hilb(C 3 )) ^ G-Hilb(C 3 ) as varieties. 

Proof. Assume G/N = Z/mZ x Z/mZ. Let L D V D Z 3 be the toric lattices for <C 3 /G and C 3 /N 
respectively. Then the assumption implies L/L' = Z/mZ x Z/mZ. Since L and L' are generated 
by elements on the junior simplex, we have decompositions L = Lq © Zei and L' = L' © Zei, 
where L = L n M? A and L' Q = V n R 2 A . 
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Then we have Lq/L' = Z/mZ x Z/mZ for the two-dimensional lattices Lq d L' q , which 
implies Lq = (l/m)L' . So the Newton polygon for G at e\ is 1/m times that for G' , thus the 
triangulations are the same. □ 

The following lemma justifies the Case (4) in Theorem 15 .61 and allows us to obtain isomorphism 
as varieties between Y2 and G-Hilb(C 3 ) by combining the Cases (1), (2) and (3). 

Lemma 5.8. // there exists a surjection (j) : G/N -» 7L/m7L x Z/mZ for some m > 1 then we can 
replace G by the pullback o/Ker(</>) to G. 

Proof. If there exists a sequence of normal subgroups G > G' 0> N and G/G' = Z/mZ x Z/mZ 
then we can construct G/iV-Hilb(iV-Hilb(C 3 )) in three steps 

G/G'-mih (G'/N-mib (JV-Hilb (C 3 ) ) ) 

so by Lemma 15.71 we can take G' instead of G. □ 

Therefore from now on we assume that no such surjection exists. 

Lemma 5.9. If G / N -Hilb(N -Hilb(C 5 )) = G-Hilb(C s ) then there is no regular triangle of side 
> 2 in N-Hilb(C 3 ). 

Proof. Let T be a regular triangle in A of side > 2. Then T is triangulated by the regular 
tesselation and there always exists a triangle Aj C A which does not contain any of the vertices 
of T. Now consider the action of G/N on A^-Hilb(C 3 ) and the corresponding triangulation on 
A,. Since the sides of T extend to some vertex e$, by Proposition 15.51 (i) there cannot be any new 
line going out from any vertex of Aj. This implies that the action of G/N into Aj has to be of 
the form Z/mZ x Z/mZ, so that Aj is triangulated again with the regular tesselation. But then 
G/N = Z/m x Z/mZ which contradicts our assumption. □ 

Lemma 5.10. The triangulation of A corresponding to N-Hilb(C s ) contains only regular triangles 
of side 1 if and only if N ^ ±(1,1, r- 2), ±(1, r- 1,0) or ±(1, 2, 4) 

Proof. Notice that there are only regular triangles of side 1 if and only if there exists a unique 
crepant resolution of C 3 /iV, namely iV-Hiib(C 3 ). Indeed, if a flop from A^-Hilb(C 3 ) exists then 
there are 4 points in A not 3 of them align, and any triangulation of them would contradict 
Proposition 15. 51 (i). Conversely, if there exist a unique crepant resolution there is no parallelogram 
in the triangulation of A, in particular there is no regular triangle of side bigger than one. 

Finally notice that the Abelian groups for which there exist a unique crepant resolution are 
±(1,1, r — 2), ±(1,7" — 1,0) or ^(1,2,4). This follows from the fact that either all points are 
contained in a line or N = =(1, 2, 4), otherwise we would have 4 points in A with not 3 of them 
align, hence a flop. □ 

From the three possibilities for N in the previous lemma we can exclude the case N = j (1, 2, 4). 
Indeed, let A = lL_i ^* the triangulation corresponding to ./V-Hilb(C 3 ). Then, on the regular 
triangle with vertices 4(1, 2, 4), 1(2, 4, 1) and ±(4, 1, 2) in the middle of A, the next triangulation 
created by the action of G/N has to be a regular triangle again (otherwise it would contradict 
Proposition 15.51 (i)), so we are again in the case of Lemma 15.71 

Now consider the case N S ±(1,1, r - 2). Then every lattice point Pj G A distinct from the 
vertices ej for i = 1,2,3, are on a line L passing through e^. If we consider the triangulation 
induced by G/N, by Proposition 15.51 (i) there are no new lines going out any of the points Pj 
unless r = 2 or 3. Therefore, either G/N = ±(1, 1, s — 2) so that every new point is again on the 
line L and G is of type -(1, 1, n — 2), or N = ^(1, 1,1), or N = ^(1, 1,0), or we are in the case 
of Lemma 15.81 

Similarly, if N ^ ±(l,r - 1,0) then either G/N ^ ±(l,s - 1,0) for some s\r or N = ±(1,1,0). 
In any case, we are either in the case (2) of the Theorem 15.61 or N has order 2 or 3. 
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Let N = |(1, 1, 1) and let P be the point in the center of the triangulation A = Ui=i °f 
A^-Hilb(C 3 ) where the 3 lines Lj from the vertices e, meet (i = 1, 2, 3). Now consider the second 
triangulation produced by G/N. Because of the "meeting of champions" only one of the lines Lj 
can be extended, so that the final valency of P is at most 4. 

If the valency is 3 then every Aj has a regular triangle around P. Since any two of them share a 
vector which generates the 2-dimensional lattice Z^ it follows that they must have the same side, 
and by the symmetry of the lattice we can conclude that G/N = "L/rriL x Z/mZ as in Lemma 
15.71 If the valency is 4 then at least 2 of the Aj's must have a regular triangle around P, which 
must be of the same side since they share a generator of the lattice. See Figure below. 




e- 62 ej e2 



But then there exists a subgroup G' = i(l,l,3r - 2) such that G/G' = Z/mZ x Z/mZ 
with m > 1. Indeed, let M be the middle point of e\ and e 2 - Then every regular triangle 
inside the triangle e\PM has e% as a vertex and the other two vertices lie on the segment PM. 
Moreover, these regular triangles have the same area. Then we can see that there is a subgroup 
G' = 3^(1, l,3r — 2) such that these regular triangles for G are basic triangles for G'. If these 
regular triangles are divided into m 2 basic triangles, then G/G' = Z/mZ x Z/mZ. 

In the case iV = ^(1, 1,0) we have the following lemma which gives the case (3) in Theorem 
15.61 and finishes the proof. 

Lemma 5.11. Let N ^ 1(1, 1, 0) and Y 2 := G / N -Hilb(N -Hilb(C 3 )) . Then 

Y 2 ^ G-Hilb(C 3 ) G = — (I, a, -a - 1) with a 2 = 1 (mod Ar) 

2r 

Proof. Let A = A 1 U A 2 the triangulation for 7V-Hilb(C 3 ) and P := |(1, 1, 0) G A. Suppose that 
we have the isomorphism as varieties. After the action of G/N on A, by Proposition 15.51 (i) the 
triangles Aj must contain regular triangles around P. The sides of the regular triangles must 
pass through some vertex ej so there are two possible configurations (see Figure [2Tj) , 

Notice that any line passing through the point P must go to one of the vertices ej for i = 1,2,3 
(otherwise, the sides of two regular triangles would intersect), and in particular there exists the 
diagonal line L := e%P. Then the vectors «i,«2 are sides of a basic triangle, therefore they form 
a basis of the 2-dimensional lattice Z^. 

This imply that the lattice is symmetric with respect to the diagonal line L and in particular 
the regular triangles around P have the same side. Then it follows that the continued fraction 

at the vertex has to be symmetric with respect to the middle entry, and the boundary of 
the Newton polygon must contain a lattice point in L. This imply that the expansion of 2 r- a ^ s 
also symmetric thus if x t y^ G (Z^J V then x 3 y l G (Z^) v for any i and j. In other words, we have 
the condition a 2 = 1 (mod 2r) in order to have such symmetric Newton polygon. In addition, 
the vectors v\ and v 2 being a basis of Z^ imply that if a 2 = 1 (mod 4r), so the groups G we are 
looking for are precisely G = ^b(l, a, —a — 1) with a 2 = 1 (mod 2n). 

Conversely, if the group is of the form G = ^- (1, a, —a — 1) with a 2 = 1 (mod 4r), then {v\,v 2 } 
and {v\, —v 2 } form a basis of the lattice of A. It follows that the line L has to be part of the 
triangulation and again the distribution of points along A is symmetric with respect to L, with 
regular triangles in Ai and A 2 around P. The continued fractions at the vertices e\ and e 2 are 
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the same, and the one for the vertex is symmetric with respect to the middle term, so by the 
Craw-Reid method the triangulation of G-Hilb(C 3 ) and G/A r -Hilb(A r -Hilb(C 3 )) are the same, 
and the result follows. □ 

Example 5.12. In this example we show a group G with two subgroups, with one of them there 
is an isomorphism as moduli spaces (hence as varieties) between G-Hilb(C 3 ) and G/iV-Hilb(Yi), 
and with the other an isomorphism as varieties but in different chamber. 

Let G = 1(1,1,4). By taking N = |(1, 1, 0) and let Y\ := iV-Hilb(C 3 ). Then we have an 
isomorphism G-Hilb(C 3 ) = G/JV-HUb(Yi) as moduli spaces of representations of the McKay 
quiver. 

The crepant resolution Y\ is covered by U\ = C 3 2 , and U\ = C 3 , / , and rr (0) consists 
of the single P 1 joining the two toric fixed points with coordinates {x : y). In every open set the 
action of G/N is isomorphic to i(l,2, 0), and we have that t 1 _1 (0) = Y^ N . The corresponding 
G-constellations shown in the Figure below. The chamber C for G-Hilb(C 3 ) is given by the 
inequalities 

# 3 > o, # 5 > o, e 2 + # 3 > o, e 4 + # 5 > o, 0i + e 3 + e b > o, e < o, e + e 4 < o 




U n 


{i,y,y 2 ,y 3 ,y 4 ,y 5 } 


012 


{i,y,y 2 ,y 3 ,z,yz} 


013 


{i,y,z,yz,z 2 ,y 2 } 


021 


1 X X^ X^ X^ X^ J" 


022 


^ 1 - X - X ^ X j 2j - X % ^ 


023 


{l,y,z,xz,z 2 ,xz 2 } 






9i 
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Figure 22. Stability condition for Z/3-Hilb(Z/2-Hilb(C 3 )). 

For G/iV-Hilb(iV-Hilb(C 3 )), according to Definition El the stability is given in Figure [22] where 
a, b G Q and < e « 1, which is contained in C. 



Now take AT = i(l, 1, 1). Then we have that G-Hilb(C 3 ) S G/iV-Hilb(iV-Hilb(C 3 )) are isomor- 
phic as varieties but in different chambers. In this case iV-Hilb(C 3 ) has 3 open sets 
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and G/N = i(l, 1, 0) in every open set. Then we obtain the distinguished G-constellations shown 
below. In this case the stability condition is given in Figure [23l where in particular we have that 
#3 < so the chamber is different than C. 
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Figure 23. Stability condition for Z/2-Hilb(Z/3-Hilb(C 3 )). 
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{l,y,y 2 ,y 3 ,y 4 ,y 5 } 


V u 


{1,2/, V 2 , ^,z,yz) 


V21 


{ 1 x x^ 1 x"^ X^ X^ J" 


V22 


{l, Xj x , — , z^xz} 


v 31 


{1, z, z , — , x, xz\ 


V32 


{i,2,^ 2 , %,y,yz} 
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